In this paper we formulate Bell type inequalities for the classical correlations between the outputs of successive measurements of noncommuting operators on an input spin s state. We account for the maximum violation of these inequalities by quantum correlations by varying spin value and the number of successive measurements. We also give a classical protocol to simulate the quantum correlations for s = 1/2 and n successive measurements.
Introduction
Quantum Mechanics (QM) is known to be nonlocal or nonrealistic and contextual [1] . All theories and experiments to test these aspects of QM are based on the multipartite quantum systems in entangled states. Although this scenario is inevitable for the tests of nonlocality, it is not obligatory for testing realism and contextuality. In this paper we propose and analyse a particular scenario to account for the deviations of QM from realism, which involves correlations in the outputs of successive measurements of noncommuting operators on a spin s state.
The paper is organized as follows. In Section 2 we describe the basic scenario in detail. Section 3 formulates the implications of Hidden Variable Theory (HVT) for this scenario in terms of Bell type inequalities. Section 4 evaluates these inequalities for mixed spin s input states for two and three successive measurements for various spin values. Section 5 deals with n successive measurements on spin 1/2 system. In section 6 we give a protocol to simulate the correlations between n successive measurements on a spin 1/2 system. Finally we conclude with summary and comments in Section 7. Mathematical details are relegated to Appendices A, B and C.
Each of the (2s + 1)
n possible outcomes after n-th measurement corresponds to a particular combination of the results of the previous measurements and the probability of these outcomes is the joint probability for such combinations. Note that in this case these joint probabilities are well defined, even if s ·â i (i = 1, 2, · · · , n) do not commute, because each of these operators act on different states. [2, 3, 4] . We further assume that, between two successive measurements, the spin state does not change with time i.e. s commutes with the interaction Hamiltonian, if any. Also, throughout the string of measurements, no component is filtered out.
Implications of HVT
HVT assumes that in every possible state of the system, all observables have well defined (sharp) values [5] . On the measurement of an observable in a given state, the value possessed by the observable in that state (and no other value) results. To gain compatibility with QM and the experiments, a set of 'hidden' variables is introduced which is denoted collectively by λ. For given λ, the values of all observables are specified as the values of appropriate real valued functions defined over the domain Λ of possible values of hidden variables. For the spin observable s ·â, we denote the value of s ·â in the QM (spin) state |ψ by α. Considered as a function α : Λ → IR we represent the value of s ·â when the hidden variables have the value λ by α(λ). More generally, we may require that a value of λ gives the probability density p(α|λ) over the values of α rather than specifying the value of α (stochastic HVT). We denote the probability density function for the hidden variables in the state |ψ by ρ ψ . (ρ ψ (λ)dλ measures the probability that the collecti ve hidden variable lies in the range λ to λ + dλ). Then the average value of s ·â in the state |ψ is
where the integration is over Λ defined above. The general case (SHVT)
We now analyse the consequences of SHVT for our scenario. Since the value of λ completes the specification of the state which in turn determines p(α|λ) for all observables, independently of each other, we see that the event 'α i turns up in the k-th experiment' and 'α j turns up in ℓ-th experiment' are statistically independent : [6, 7] 
where p(α i ,â k ) is the probability that α i turns up in k-th measurement.
The above equation holds separately for every value of λ, so that,
Using Bysian's theorem [1] and eq. (3.4) we get
where
(3.6) Now let us consider the case of two successive measurements, with optionsâ 1 ,â
respectively for measuring spin components. In each run of the experiments, a random choice between {â 1 ,â
′ , θ i is angle betweenâ i andâ 0 =ẑ, θ ij is angle betweenâ j andâ i . Using condition (3.6) and the result [6] −2s
We obtain
Multipling by ρ(λ)dλ and integrating over Λ, we get Bell inequality for two successive measurement outputs:
Similarly using
We can prove Mermin-Klyshko Inequality (MKI) for three successive measurements, 
This is the svetlichny inequality (SI). [7, 8] We wish to emphasize that the above inequalities test only the realism aspect of HVT. It does not test the non-locality aspect as the experiments are time like separated and deal with a single quantum system. 4 Mixed input state for arbitrary spin
Two successive measurements (BI)
We first deal with the case when input state is a mixed state whose eigenstates coincide with those of s ·â 0 for someâ 0 whose eigenvalues we denote by α 0 ∈ {−s, · · · s}. For spin 1/2 this is the most general mixed state because given any density operator ρ 0 for spin 1/2 (corresponding to some point within the Bloch sphere.) We can find anâ 0 such that the eigen states of s ·â 0 and ρ 0 coincide. However, for s > 1/2, our choice forms a restricted class of mixed states. Thus we have
After the first measurement alongâ 1 , the resulting state of the system is
By using Appendix A, we get
This leads to the following expression for the Bell inequality:
We introduce η = |BI|/2s 2 . If η > 1 two successive measurements violate HVT. For a given ρ 0 , η is maximized for θ 1 + θ
Real roots of this equation give values of θ 1 for which η is maximum. The maximum value η is evaluated at these θ 1 .
We find that for spin 1/2, χ = 1/4 for all ρ 0 , so η max = √ 2. Thus all possible spin 1/2 states break BI for two successive measurements. This can be compared with the two particle scenario where only the entangled pure states break BI while not all entangled mixed states break it.
For spin 1 all states which do not have any contribution of s z = 0 eigenstate break BI. In this case χ = 1 for all ρ 0 and η max (s = 1) ∼ = 1.2112. When the s 0 = 0 state contributes, all ρ 0 s with 0 ≤ p(α 0 = 0) < 0.23 and 0.67 < p(α 0 = 0) ≤ 1 break BI, while others satisfy it. Notice that, when p(α 0 = 0) = 1 i.e. ρ 0 = | s ·â 0 , 0 s ·â 0 , 0| we have the minimum violation BI η max (s = 1) = 1.143.
For all s > 1 the BI is broken when the states s z = ±s contribute significantly as can be seen in table 1 (we introduce ξ = χ/s 2 ). 
The range ξ for the violation of BI Note that η max is realized for states of the form
From Table ( 1), it is clear that when χ = s 2 maximum violation of BI is obtained. Next we can also see that, for s < 15 when ρ 0 does not have any contribution from α 0 = ±s states, it satisfies the BI.
Consider
which is the required condition on ξ for breaking of the BI, where X ≤ ξ ≤ 1 (X varies between 0.82 and 0.87 for s ≥ 1 as shown in Table 1 ). When P s = P −s = 0 we must have
which is less than X for s < 15 as seen from the Table 1 . So for s < 15, maximum violation is obtained by (4.8) . The maximum violation of Bell inequality, η max , decreases monotonically with s. Table 2 sumarizes the results. We see that for all spin BI is broken. Note that there is a sharp decrease in η max from s = 1 2 to s = 1, while η max decreases weakly as s increases from 1. A possible result is that, for s = 1/2 all states break BI while for s ≥ 1 only a fraction of spin states break it. We now consider a case where the preparation of the pure state is noisy, resulting in a state ρ(λ) = λρ max 0
where the positive parameter λ ≤ 1 is the probability that the state is unaffected by noise. Proceeding as before, we get
Using the maximization procedure, θ 1 for maximum η noise is given by a real root of
The range of λ for which η noise > 1 is tabulated in Table 3 . Note that for s = BI is broken for all states. 
The range λ for the violation of BI
Three successive measurements (MKI)
We again assume the input state to be (4.1). Using Appendix A we get (A.16) 
where θ 2 is real roots of
. In this case m = 0 and N = 2(p 1/2 − p −1/2 ). This gives
> 0.85 and p α 0 =1/2 < 0.15 |η| > 1. Maximum violation (η max = √ 2) is obtained when one of p 1/2 , p −1/2 is zero, i.e. when the initial spin state is pure state.
For spin 1 we get :
It is straightforward to check that, three successive measurements satisfy Svetlichny Inequality (SI). The reason is that, for all s, the settings of the measurement directions which maximize MKI ′ are obtained from those which maximize MKI by interchanging primes on the corresponding unit vectors. Thus these two settings are incompatible so that we cannot get a single set of measurement directions, which maximize both MKI and MKI ′ . In fact, for all s, the measurement directions which maximize MKI(MKI ′ ) correspond to MKI ′ = 0(MKI = 0). This result can be generalized to n successive measurements on spin : the case of n successive experiments
We consider n successive measurements in direction s ·â i , (i = 1, 2, 3, · · · , n) on a spin s = 1 2 particle in mixed state. For simplicity we take the eigenvalues to be α k = ±1 i.e. eigenvalues of σ z . We also write |α k for |s ·â k , α k
For spin 1 2 we have
For n successive experiments on spin
(5.4) and (5.5) give:
All of the above results are inherently quantum and are not compatible with HVT. The first two results ((5.5) and (5.6)) are the special cases of the last result for k = 1 and k = 0 (with α 0 = 1). If the numebr of variables (which are averaged) is odd (i.e. k is even) the average depends on the previous measurements while in the other case the average does not depend on the previous measurements. For example for successive measurement, k = 1 gives α 1 α 2 = cos θ 12 is independent of initial state. While for three expereiments n = 3 and k = 2 give α 1 α 2 α 3 = (p + − p − ) α 1 α 2 α 3 showing its dependence on initial state. Interestingly ifâ 0 ⊥â 1 so that α 1 = 0 or the initial state is random (p + = p − ) then for all even k, α n−k · · · α n = 0 or α 1 α 2 · · · α n=2p+1 = 0.
Next we show that, for n successive measurement on spin 1 2 system, QM breaks MKI. We define the MK polynomials recursively as follows:
where M ′ n are obtained from M n by exchanging all primed and non-primed α's. In particular, we have
We show that in HVT
First note that (5.11) is true for n = 1, 2, 3 suppose it is true for n = k i.e. Max| M k | = 1. Now
| Since HVT applies here we can use (3.4) to get
We shall now show that for n successive experiments (n > 1) QM violates (5.11) upto √ 2 for spin 1 2 . We have already shown that for n = 2 and n = 3 (Section 4). We use induction. Suppose QM breaks (5.11) by √ 2 for n = k > 1 that is
Using equation (5.7) we find that
Therefore, by induction we conclude that QM violates M n inequality for n successive measurements.
6 Classical simulation of n successive measurements on a spin
We have seen that QM correlations between the outputs of n successive measurements of incompatible observables s ·â k (k = 1, 2, · · · n) are stronger than their classical (HVT) counterparts. An interesting question is whether these quantum correlations can be simulated classically? Can we design a classical protocol to produce n sets of outputs which are correlated as if these were the outputs of genunine quantum measurements? If this is possible, what amout of classical information (cbits) has to be shared between successive measurements? [10] We try and answer some aspects of these questions in this section. Notice that, there is no room for non-locality in this scenario, because the events are time-like separated. When the particle is coming out from i-th experiment there is no particle in any of the subsequent experiments. The communication of information is done by the particle itself. We now describe our protocol for two successive measu rements. We imagine that two experimenters, Alice and Bob perform two successive measurements of s ·â 1 and s ·â 2 . Directionsâ 1 andâ 2 are chosen by each experimentor randomly and independent of each other. Alice and Bob donot know each others inputs (â 1 ,â 2 ) and outputs (α 1 , α 2 ). Alice knows the input state parameterâ 0 . Bob does ot knowâ 0 . They share three random variables (unit vectors)λ 0 ,λ 1 ,λ 2 . They are chosen independently and distributed uniformly over the unit sphere. The protocol proceeds as follows: (i) Alice outputs α 1 = sgn[â 1 ·(λ 0 +â 0 )]. (ii) Alice sends two cbits c 1 and c 2 ∈ {−1, 1} to Bob where
, where we have used the sgn function defined by sgn(x) = +1 if x ≥ 0 and sgn(x) = −1 if x < 0. We note immediately that Bob cannot obtain any information about Alice's input and output from c 1 and c 2 . We now show that the above protocol reproduces the statistics of two successive measurements of s ·â 1 and s ·â 2 on spin 1/2 particle in initial state | s ·â 0 , + s ·â 0 , +|. As shown in Appendix C we have
which is consistent with the quantum case. We can generalize this protocol to get the clasical simulation of n successive experiments. Here, again, each experiment is performed by an independent experimenter, who has no knowledge of the inputs and outputs of the previous and the future experiments. All experimenters share (2n+1) random variables (unit vectors)λ 0 ,λ 1 ,λ 2 , · · · ,λ 2n . The i-th experimentor (i > 1) receives cbit c 2i−3 and c 2i−2 from (i−1)-th experiment, defined by c 2i−3 = α i−1 sgn(â i−1 ·λ 2i−3 ), c 2i−2 = α i−1 sgn(â i−1 · λ 2i−2 ). The i-th experimentor, then outputs α i = sgn[â i · (c 2i−3λ2i−3 + c 2i−2λ2i−2 )].
For i = 1, the outputs α 1 = sgn[â 1 · (λ 0 +â 2 )]. As shown in Appendix C, produce all quantum correlations between n successive measurements ((5.4), (5.5), (5.6) and (5.7)).
Summary and comments
In the case of bipartite entangled states, breaking of Bell inequalities implies that QM is either nonlocal or nonrealistic or both. In our scenario the nonlocality aspect is eliminated. Thus the quantitative measures of violations of BI and MKI found in the present work are the measures of deviation from realism (coupled with noninvesive measurements).
The first two observations that emerge from our work are that, except for spin 1 2 , there are calsses of states which satisfy Bell and MK inequalities, i.e. exhibit correlations consistant with realism and the maximum violation of these inequalities falls off with increasing spin. MKI for 3 successive measurements is broken by α 0 = s states only upto spin s = 3 and is satisfied for the s > 3. We think that a deeper understanding of these observations require a geometric analysis based on polytopes in the probability space as carried out in the multipartite systems by Pitowski, Popescu and Roberts, Gisin and other workers in connection with nonlocal machines (NLM). We are at the formative stage of this endeavour.
Further, s = 1 2 systems seem to be fully quantum as all states break BI and MKI and the maximum violation is the largest. Pure spin 1 2 states break MK inequalities for n successive measurements upto √ 2. Interenstingly, all mix spin s = states break MKI for even number of measurements. Finally we have shown that the correlations of the outputs of n successive measurements on a pure spin 1 2 state can be classically simulated communicating two cbits of information to get the k-th output from the (k − 1)-th output by using 2k + 1 share randum variables. Thus the amount of information needed is twice as much in the case of bipartite nonlocal scenario [10] .
Appendix A
We evaluate the sum (| s ·â 0 , α 0 ≡ |â 0 , α 0 )
where θ 1 is the angle betweenâ 0 andâ 1 andn is the unit vector along the direction defined byn =â 0 ×â 1 . By using Backer Hausdorff Lemma
We get
Terms with odd powers of θ 1 vanish
Further we compute
By using (A.6) = (4π)α k−1 { dλ 2k−3 sgn(â k−1 ·λ 2k−3 )(â k ·λ 2k−3 ) + dλ 2k−2 sgn(â k−1 ·λ 2k−2 )(â k ·λ 2k−2 )} = (4π)
By using (C-7) and { (C-4), (C-5), (C-6)} all quantum correlation is obtained by this protocol.
